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Mechanics, Boundary Layers and Function Spaces, by D. 0 MATH~JNA, Communications qf the Dublin Institute 
qf Advanced Studies, Series A (Theoretical Physics), No. 28. Dublin (1984). 216 pp. 
This monograph is concerned with a longstanding problem in the linear theory of elasticity concerning the 
equilibrium of plates and shells. The problem is that of deducing simpler two-dimensional equations from 
the full three-dimensional equations of elasticity, together with the provision of suitable physical interpretations 
to the dependent variables used, and, if possible, some estimate of the errors involved by the reduction. 
The work reviewed is extremely thorough and detailed, and includes a prior description of the basic method 
in the simpler context of the beam or strip. Since no initial assumption is made other than the analytic nature 
of the stresses as functions of the thickness coordinate it is general in its scope. No use is made of 
approximations based on asymptotic expansions. Considerable clarification of the various stress effects is 
achieved and this reviewer believes that the investigation has been carried as far as the present state of 
mathematics allows. This means that although the effect of resultant external stresses and couples can be 
predicted by what are called principal stress effects, it is not possible to give general a priori bounds on the 
various effects arising from self-equilibrating external stress distributions applied to the edge. I return to this 
point later. 
Throughout the work the principal object is to obtain the appropriate differential equations and associated 
boundary conditions without reference to specific geometrical shapes of the structures involved. No explicit 
description is given of the solutions of the various differential equations encountered apart from suitable 
indications as to their contributions to the various stress effects. 
After this overview a more detailed description of the work can now be supplied. Following an introduction 
of three pages there is: Chapter 1 on beams (65 pages), Chapter 2 on plates (68 pages) and Chapter 3 on shells 
(75pages). Each chapter is concluded by a scholarly survey of prior work with references. 
In Chapter 1 the technique used throughout is exemplified in the simpler case of the beam given by 
-a<x<a,--h< , z < h. Here h can vary with x and only three stress components are relevant. The laminar 
mid-plane stress is expanded as follows: 
(1) 
where the stress coefficients s,(x) are to be determined, and P.(t) are Legendre polynomials in the transverse 
variable t = z/h. Then, by integration of the two stress equilibrium equations relative to c through the 
thickness of the beam and use of Legendre identities, the other two stresses, the transverse direct stress o and 
the shear T. are deduced in series form similar to equation (1) but with coefficients expressible in terms of 
s,(x) and the prescribed body force fO(x) in the transverse direction: 
u = - i ~,W’,U) - h(x)foWP,(t); T = f T,(X)P,(t). (2) 
“=O “=O 
The application of boundary conditions on the faces z = _t h of the beam now yield ordinary differential 
equations for se(x) and s,(x) which are easily solved. Assuming edge stresses are prescribed on x = + a there 
follow complete solutions for the coefficients se, TV and s,--these are the principal stresses of classical beam 
theory. 
When similar Legendre series are introduced for the displacement components, 
u = i: u,(xP,(t), w = f w,b)P,W, (3) 
“=O “=O 
and use is made of the three constitutive equations, there follow: (i) expressions for u,, w, (for n > 1): and (ii) 
equations for the remaining unknowns I+, w,, and s, (for n 2 2). In particular, use of the orthogonality of the 
Legendre polynomials leads to an infinite sequence of ordinary differential equations for s, (for n 2 2) and 
this system has not yet been solved in general. Physically we may identify the coefficients se, r,, and s1 with 
the solutions corresponding to stress resultants acting on the beam (the principal effects), whereas s, (for n 2 2) 
correspond to solutions for self-equilibrating stresses (the residual effects). 
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h2/L2, the equations become those of KircholI’s theory. Here L is a typical 
length perpendicular to the thickness. Again it is not possible easily to estimate the effect of the residual 
stresses, but again all displacements are determined in terms of the stress coefficients. 
The analysis of Chapter 3 is necessarily more elaborate and again the appropriate tensor notation is given 
at the outset. The partial differential equations for the principal effects are obtained in the usual way-but 
only after neglecting terms of order (h/R)’ in the integration of the three-dimensional equations. These former 
equations also involve complicated compatibility equations. R relates to the curvature of the midsurface. 
Overall the work is of a high standard. The background surveys at the ends of chapters indicate a wide 
knowledge of the subject and contain some useful comments-particularly as regards the use of certain 
parameters in shell theory expansion. 
In summary it seems to this reviewer that the monograph makes an important contribution to the subject. 
Firstly, in the context of a quite general approach to the problem the decoupling of the principal and residual 
stress effects has been achieved-and this appears to be both new and crucial to the entire work. Added to 
this is the decoupling of bending and stretching at least for beams and plates. However, this latter idea is 
strictly not due to the author (except in the present context)-being found either explicitly or implicitly in 
previous work. 
Secondly we note that, except for the obvious approximation neglecting (h/R)’ in Chapter 3, all formulations 
for both principal and residual effects are exact. Then it is important to remark that the relative importance 
of these principal and residual effects cannot be known at present since the solution of the residual problem 
has not been obtained. The analysis of the strip in Chapter 1 does however suggest that Saint Venant’s 
principle is valid-that the effect of a self-equilibrating stress distribution on an edge will decay exponentially 
away from the edge. And one may conjecture that this situation also holds for Chapters 2 and 3. But if in 
equation (1) the coefficient of P, on the edge is IO-” and the coefficient of P, is lo”, then, if n is large and 
positive, one would expect that the principal effect would predominate over the residual effect only at a very 
great distance from the edge. Is is perhaps surprising that at this late stage in the development of the subject 
this basic problem appears to be unresolved. One can only conjecture that in many problems of practical 
interest the residual effects are negligible and the principal effects account substantially for the experimental 
observations. Evidently, however, the onus lies on a critic of the present work to improve the situation. 
The author deserves credit for his very considerable perseverance not only in the algebra but also in his 
determination to see the work published. The title is perhaps a little too general for the actual problem 
studied. The book will be of interest to all those with a theoretical interest in elasticity, beams, plates and 
shells. 
Finally, on viewing the elaborate nature of the calculations (perhaps a background involving the interlacings 
of Celtic illuminated manuscripts is indispensable), it is not surprising that an alternative strategy for the less 
resolute is to attempt the direct numerical integration of the full three-dimensional equations of elasticity. 
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